. By work of Berglund-Madsen, the rings of rational characteristic classes of fibrations and smooth block bundles with fibre D 2n ♯(S n ×S n ) ♯ , relative to the boundary, are for 2n ≥ 6 independent of in degrees * ≤ ( − 6)/2. In this note, we explain how this range can be improved to * ≤ − 2 using cohomological vanishing results due to Borel and classical invariant theory. This implies that the analogous ring for smooth bundles is independent of in the same range, provided the degree is small compared to the dimension.
The classical approach to the homotopy type of the diffeomorphism group Diff ∂ (M) of a manifold relative to its boundary is by comparison to the space Diff ∂ (M) of block diffeomorphisms, since their difference is approximated by Waldhausen's algebraic K-theory of spaces. The space Diff ∂ (M) in turn can be understood in terms of the more accessible space of homotopy equivalences hAut ∂ (M) via surgery theory. Assuming that M is of dimension 2n and ∂M Ø, there are stabilisation maps
induced by extending automorphisms by the identity. In [BM13] , Berglund-Madsen proved that for 2n ≥ 6 and M being W , 1 = D 2n ♯(S n × S n ) ♯ , the upper two maps induce rational homology isomorphisms in degrees * ≤ min(n − 3, ( − 6)/2). Independently, Galatius-Randal-Williams [GRW12] showed via a different approach that for 2n ≥ 6, the stabilisation map for BDiff ∂ (W , 1 ) induces an isomorphism in integral homology in the range * ≤ ( − 4)/2, independent of the dimension. Their method has been extended later [Fri17, GRW17, GRW18, Per16a, Per16b ] to obtain more refined stability results for BDiff ∂ (M) for a wide class of manifolds. In the case of block diffeomorphisms, Berglund-Madsen improved in [BM14] upon their prior work, inter alia, by removing the dependence of the range on the dimension and by proving a similar result for homotopy equivalences.
Theorem (Berglund-Madsen). For 2n ≥ 4, the stabilisation map
is an isomorphism for * ≤ ( − 6)/2 and an epimorphism for * ≤ ( − 4)/2. For 2n ≥ 6, the map H * (B Diff ∂ (W , 1 ); Q) −→ H * (B Diff ∂ (W +1, 1 ); Q)
has the same property.
One step in the proof relies on a stability result for certain unitary groups due to Charney [Cha87] , which is responsible for the specific ranges in the theorem. The main purpose of this note is to explain an improvement of these ranges, obtained primarily by replacing Charney's result with a combination of classical invariant theory and a quantitative version of Borel's vanishing result on the cohomology of arithmetic groups [Bor74, Bor81] .
Theorem A. For 2n ≥ 4, the stabilisation map
is an isomorphism for * ≤ − 2 + c, where c = 1 if n is odd and c = 0 if n is even. For 2n ≥ 6, the map
Remark. For n 3, 7 odd, Theorem A gives the best possible isomorphism range of slope 1, i.e. a range of the form * ≤ + k for a constant k. This is because for such n, the groups H 1 (BhAut ∂ (W , 1 ); Q) and H 1 (B Diff ∂ (W , 1 ); Q) are 1-dimensional for = 1 and trivial otherwise, which can be seen for instance by combining [BM14, Prop. 5 Remark. Building on Berglund-Madsen's argument, Grey [Gre17] established rational homological stability for the spaces of homotopy equivalences and block diffeomorphisms of connected sums of products of spheres of possibly different dimensions. An improvement of his results similar to Theorem A would require a slope 1 range for Borel's vanishing results for the rational cohomology of GL n (Z), which is not known to hold.
Stability of Serre filtrations. We prove Theorem A as a special case of a stronger, but more technical result concerning the Serre filtrations associated to the maps 
In particular, F 0 H * (X ) is the image of the map on homology H * (F ) → H * (X ) induced by the homotopy fibre F → X and F 1 H * (X ) is the kernel of H * (X ) → H * (F ). These filtrations are natural in commutative squares, and as the stabilisation maps for BhAut ∂ (W , 1 ) and B Diff ∂ (W , 1 ) cover a map B G → B G +1 induced by the inclusion W , 1 ⊂ W +1, 1 (see Section 1 below), the Serre filtrations associated to the maps (1) are preserved by the stabilisation maps considered in Theorem A.
Theorem B. Let ≥ 2 and set c = 1 if n is odd and c = 0 if n is even. For 2n ≥ 4, the stabilisation map between the filtration steps of the Serre filtration induced by (1),
is an isomorphism for p ≤ − 2 + c and * ≤ (2n/3)(2 − c) − 1. For 2n ≥ 6, the analogous map
is an isomorphism for p ≤ − 2 + c and * ≤ 2k n (2 − c) − 1, where
and n 4, 8 3 if n ≡ 1 (mod 4) and n 5 2 if n ≡ 2 (mod 4) or n = 8 1 if n ≡ 3 (mod 4) or n = 4, 5.
Theorem B includes Theorem A as the case p = * , but shows additionally that the subspaces of low filtration degree stabilise considerably earlier than the full homology. This is useful to detect cohomology classes of known filtration degree, as we shall exemplify in the following.
Detecting κ-classes. It was shown in [BM14] that in a range of total degrees growing with , the Serre spectral sequences of the two maps (1) have a product structure and collapse on the E 2 -page, which implies that the first filtration steps F 1 H * (BhAut ∂ (W ∞, 1 ); Q) and F 1 H * (B Diff ∂ (W ∞, 1 ); Q) of the stable cohomology rings coincide with the ideal generated by the image of H * >0 (B G ∞ ; Q). By work of Borel [Bor74] , the cohomology H * (B G ∞ ; Q) is polynomial in generators σ 4i of degree 4i > 0 if n is even and σ 4i −2 of degree 4i−2 > 0 if n is odd. As elucidated in [RW19] , there are choices of such generators that measure the signature of total spaces of fibrations (or block bundles) with trivialised boundaries and fibre W , 1 when pulled back to BhAut
, which in turn coincide with the usually considered κ-classes κ L i when pulled back further to H
. Specialised to p = 0 and taken duals, Theorem B thus reads as follows.
Corollary C. Let ≥ 2 and set c = 1 if n is odd and c = 0 if n is even. For 2n ≥ 4, the natural map
is an isomorphism for * ≤ (2n/3)(2 − c) − 1. If 2n ≥ 6, then the map
is an isomorphism for * ≤ 2k n (2 − c) − 1, where k n is defined as in Theorem B.
Using the mentioned collapse of the Serre spectral sequences of (1) 
as a retract, so Corollary C shows that every nontrivial class in the left hand quotient (for instance κ c for a decomposable monomial c ∈ B >2n ) is nontrivial in H * (B Diff ∂ (W , 1 ); Q) for significantly smaller values of than predicted by Theorem A.
Diffeomorphism groups. Extending (block) diffeomorphism of an embedded disc D 2n ⊂ W , 1 by the identity induces a commutative square
whose induced map on vertical homotopy fibres 
This shows that in this range of degrees, our results for H * (B Diff ∂ (W , 1 ); Q) are equally valid for H * (BDiff ∂ (W , 1 ); Q), which in particular implies that the latter groups stabilise in this range much quicker than what is known from Galatius-Randal-Williams' work [GRW18] .
Corollary D. For 2n ≥ 6, the stabilisation map
is an isomorphism for * ≤ min{ − 2 + c, 2n − 5}, where c = 1 if n is odd and c = 0 if n is even.
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A
Following [KRW19, Sect. 2.1], we fix ϵ = ±1 and a nondegenerate ϵ-symmetric bilinear form
1 Defining H ( + 1) = H ( ) ⊕ H (1) after having fixed H (1), there are natural inclusion maps G (Q) → G +1 (Q) and we denote their colimit by G ∞ (Q).
The modification of Berglund-Madsen's argument we shall present is mainly an application of the following homological vanishing result for arithmetic groups, which can be derived from a combination of a result of Margulis [Mar91] with work of Borel [Bor74, Bor81] 
are isomorphisms for * ≤ − 2 + c. Remark. Work of Tshishiku [Tsh17] shows that the cohomology H (Γ; Q) of arithmetic groups Γ ≤ O , (Q) in degree can be arbitrarily large when is odd, which illustrates that the range in Theorem 1.1 is for ϵ = 1 close to being optimal.
One immediate consequence of this result is that for an arithmetic subgroup G ≤ G (Q)
The example of a form λ : H ( ) ⊗ H ( ) → Q we have in mind is the (−1) n -symmetric intersection form on the middle homology H ( ) = H n (W , 1 ; Q) of the manifolds
Occasionally, it will be convenient to view these manifolds alternatively as the iterated boundary connected sum W , 1 = ♮ W 1, 1 of W 1, 1 = S n × S n \ int(D 2n ). The evident action of the homotopy mapping class group π 0 hAut ∂ (W , 1 ) on H ( ) preserves λ and hence gives rise to a morphism
whose kernel turns out to be finite (see e.g. [BM14, Prop.
5.3]). Its image
is an arithmetic subgroup (see e.g. [KRW19, p. 29]) which agrees with the image of the block mapping class group π 0 Diff ∂ (W , 1 ) in G (Q) (see e.g. [BM14, Ex. 5.4]). Stabilising by (−) ⊕ H (1) as described above corresponds to taking the boundary connected sum with a further copy of W 1, 1 , so the inclusion G (Q) → G +1 (Q) is covered by the stabilisation map hAut ∂ (W , 1 ) → hAut ∂ (W +1, 1 ) induced by extending homotopy equivalences by the identity.
T B M
In what follows, we sketch the proof of Berglund-Madsen's homology stability result for the spaces BhAut ∂ (W , 1 ) and B Diff ∂ (W , 1 ) as presented in [BM14] . For BhAut ∂ (W , 1 ), one first shows that the classifying space of the component of the identity hAut id ∂ (W , 1 ) ⊂ hAut ∂ (W , 1 ) is coformal, i.e. that its Quillen dg Lie algebra is formal. The homotopy Lie algebra (W , 1 ) ; Q) H CE * (g ). The isomorphism (2.1) can be chosen to be compatible with the evident stabilisation maps and the natural action of π 0 hAut ∂ (W , 1 ) on both sides, the one on the right being induced from the action on H ( ) via (1.1) by functoriality (see [BM14, Prop. 7.9] ). This uses the fact that for ≥ 2, every extension of finite dimensional Q[π 0 hAut ∂ (W , 1 )]-modules splits, since π 0 hAut ∂ (W , 1 ) → G has finite kernel and G has this property. Therefore, using finiteness of the latter kernel once again, the E 2 -page of the Serre spectral sequence of the fibration sequence
is isomorphic to H * (G ; H CE * (g )), so by a spectral sequence comparison, it suffices to show that (2.2)
induces an iso-and epimorphism in a suitable range of total degrees. One way of proving this is to show that the Chevalley-Eilenberg chains C CE * (g ) in a fixed total degree are the value on H ( ) of a Schur functor P associated to a symmetric sequence {P(m)} m ≥0 , that is, an endofunctor on the category of Q-vector spaces of the form
for a sequence of Q-vector spaces P(m) equipped with an action of the symmetric groups Σ m . The minimal choice of k is called the degree of P, which we denote by deg(P).
Lemma 2.1 (Berglund-Madsen [BM14, Lem. 7.2]). For n ≥ 2, the Chevalley-Eilenberg chains C CE q (g ) in total degree q are isomorphic to the value of a Schur functor of degree ≤ 3q/n on H ( ).
This identification of C CE * (g ) is tailored to invoke a homological stability result due to Charney [Cha87] , which implies that H * (G ; C CE
is an isomorphism in a range of total degrees with slope 1/2. From this, the desired property of (2.2) can be concluded from a hypercohomology argument (see [BM14, Prop. 7 .11]).
In the case of block diffeomorphisms, one proceeds similarly: the classifying space B Diff ∂ (W , 1 ) of the kernel of the map Diff ∂ (W , 1 ) → π 0 hAut ∂ (W , 1 ) is coformal and its homotopy Lie algebra
splits as a sum of the graded Lie algebra g defined above with the graded abelian Lie algebra [BM14, Cor. 4 .18]). By an argument analogous to the one for homotopy equivalences, it suffices to show that the stabilisation map
is an isomorphism in the wished range of degrees, which is accomplished by proving that C CE q (g ⊕a ) is the value of a Schur functor of degree ≤ 2q on H ( ) and finishing as before (see [BM14, Prop. 7 .17]).
As we shall explain in the next section, it is this last step in the argument which we modify to achieve the better stability ranges stated in Theorem B, i.e. the use of Charney's result followed by an argument involving hypercohomology.
S S
By the discussion of the previous section, the action of π 0 hAut ∂ (W , 1 ) on H * (BhAut id ∂ (W , 1 ); Q) factors through the natural morphism π 0 hAut ∂ (W , 1 ) → G . As the latter has finite kernel, we conclude that the Serre spectral sequence whose Serre filtration Theorem B is concerned with is canonically isomorphic to the spectral sequence considered in Section 2, i.e. the one induced by the map BhAut ∂ (W , 1 ) → B π 0 hAut ∂ (W , 1 ). In particular, there is an isomorphism between its E 2 -page and H * (G ; H CE * (g )), compatible with the stabilisation map
It will follow from Lemma 3.1 below that this stabilisation map is an isomorphism in the range p ≤ − 2 + c and p + q ≤ (2n/3)(2 − c) − 1, which would imply the claim of Theorem B regarding BhAut ∂ (W , 1 ) if all incoming and outgoing differentials in this range of bidegrees were trivial. But Berglund-Madsen [BM14, Sect. 8] showed that the spectral sequence collapses on the E 2 -page in a range of total degrees growing with , so all differentials whose target is already in the stability range have to vanish, even though their source might not be in the stable range. Outgoing differentials in the above specified range vanish for the same reason, since this range is closed under differentials.
Lemma 3.1. Set c = 1 if ϵ = −1 and c = 0 if ϵ = 1 is even. For ≥ 2, the stabilisation map
is an isomorphism for p ≤ − 2 + c and q ≤ (2n/3)(2 − c) − 1.
Proof. The claim for p = 1 follows from the fact that H 1 (G ; −) vanishes on finite dimensional Q[G ]-modules for ≥ 2. For the same reason, taking G -coinvariants of such modules is exact, so to establish the case p = 0, it is enough to show that the stabilisation map on the chain level
is an isomorphism for q ≤ (2n/3)(2 − c) . By Lemma 2.1, the chains C CE q (g ) in total degree q are the value of a Schur functor of degree ≤ 3q/n, compatible with the stabilisation map (see [BM14, Sect. 7] ), so the claim is implied by Lemma 3.2 below. For p ≥ 2 and hence ≥ 4 − c, the map in consideration fits into a commutative square
whose vertical arrows are isomorphisms for p ≤ − 2 + c by Theorem 1.1, which reduces the claim for p ≥ 2 to the case p = 0 already proved.
Lemma 3.2. For a Schur functor P of degree ≤ k and c as in Lemma 3.1, the morphism
is an isomorphism for k ≤ 2(2 − c) and a monomorphism for k ≤ 2(2 − c)( + 1).
Proof. We can assume that P is of the form
we see that it suffices to show that the morphism
has the asserted quality, or dually that
is an isomorphism for k ≤ 2(2 − c) and an epimorphism for k ≤ 2(2 − c)( + 1). This follows from the first and second fundamental theorem of invariant theory for Sp 2 (C) and O , (C) O 2 (C) by applying (−) ⊗ Q C and using Zariski density of G (Q) ⊂ G (C) (c.f. [KRW19, Thm 2.6, Sect. 9.4]).
This finishes the proof of Theorem B for homotopy equivalences. The case of block diffeomorphisms is proved analogously by showing that the stabilisation map
is an isomorphism for p ≤ − 2 + c and p + q ≤ 2k n (2 − c) − 1, which can be derived by adapting the argument we gave to prove Lemma 3.1, using the following refinement of Berglund-Madsen's estimate [BM14, Prop. 7 .17] on the degree of the relevant Schur functor. 
The graded module P(k) ⊗Q(l) is supported in degrees ≥ (n/3)k +l ≥ k +l, so the degree q-part of the Schur functor associated to {(P ⊗ Q)(m)} m ≥0 is at most of degree ≤ q, which proves the bottommost case of the statement. To obtain the improved estimate on the degree in the other cases, note that since π * (BO) ⊗ Q is only nontrivial in degrees * ≡ 0 (mod 4), the Σ k+l -module P(k) ⊗ Q(l) is in fact supported in degrees ≥ (n/3)k + 4l if n ≡ 0 (mod 4), in degrees ≥ (n/3)k + 3l if n ≡ 1 (mod 4), and in degrees ≥ (n/3)k + 2l if n ≡ 2 (mod 4). A careful case distinction finishes the proof.
